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Quadratic Polynomials with Coefficients Modulo n

Hamza Daoub *
Osama Shafah *

Abstract:

If A is a finite commutative ring with unity. The directed graph
of this ring is a graphical representation of its additive and
multiplicative structure. Using the map ¢: A% — A2, which is defined
by (a,b) - (a + b, ab); a directed graph with vertices A? and arrows
defined by ¢ can be created for every ring. In this work we are going to
present more results, and use Mathematica Software ® to improve the
algorithm which is used to calculate the directed graph of A.
Keywords: Graph; Homomorphism; Cycle; Theorem; Length.

Introduction:

This kind of associations between digraphs and finite rings has
been studied and proposed previously [e.g [1], [2]]. However, further
properties and results are presented here using only the finite
commutative ring Z,. Some results are quoted from [2] for the sake of
completeness.

Let n < oo be a natural number. Define the mapping ¢:Z, X
Zy = L, X T, by @(a,b) = (a+ b,a.b). Since Z, is finite, so ¢
can interpret as finite digraph G,, = G(%Z,,) with vertices Z, X Z, and
arrows defined by ¢.

* Department of Mathematics- Zawia University

46



32016 Aipkaill 5 dsnln) o slall Adaa

The outgoing (incoming) degree of a vertex (a,b) is the
number of arrows going out (coming in) this vertex. Since G is a
function, so it is clear that the outgoing degree of each vertex is one.
The incoming degree of the vertex (a, b) is the number of different
roots of x% — ax + b.

The characteristic of Z,, is n. If n is not a prime, then Z,, has
zero divisors and Z,[x] is not a unique factorization domain, so the
quadratic polynomial x? — ax + b has not a unique solution.

Since Z, is a field, a polynomial of the form x? —ax + b € Z,[x] is

reducible if and only if there exist ¢,d € Z, so that, x> —ax+b =
14
(x —c)(x —d). There are (2) such polynomials for which ¢ #d

and p for which ¢ = d. Therefore, there are exactly
14

_ p(-1) _ p(p+1)

(2)+'p == +p——2

reducible monic quadratic polynomials in Z,[x]. Since there are p?

polynomials of the form x? — ax + b and each one is either reducible

or irreducible, we conclude there are

2 _p(p+1) _ p(-1)
A .
irreducible monic degree 2 polynomials in Z,[x].

The starting vertices (a,b) (with incoming degree 0)
correspond to quadratic polynomials x? — ax + b irreducible in
Z,[x] . This gives us rough upper estimate for the number of
components of the graph G(Z,).

Basic Properties:

Theorem 1 If p is an odd prime, then the solutions to the
quadratic congruence x* —ax + b = 0 mod p with a non congruent
to 0 mod p are given by

< = —b+VbZ-4ac

2a
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In particular, if b? — 4ac is a quadratic non residue mod p
then x? — ax + b = 0 has no solutions mod p.

Proof. See [2]

We let Ny(m) denote the number of solutions of x* — ax +
b =0 mod m. If m = p™p™z...p.* is the prime decomposition of
m, then Ny(m) = Np(p™)N;(p™2)... Nt (p©).

Since the incoming degree of a vertex (a, b) is the number of
roots of the quadratic polynomial x? — ax + b = 0 mod p, then we
have the following.

Theorem 2 Let p,,py, ..., px be the composition of the number
n. Then the highest degree of a vertex (a,b) inthe graph G(Z,) is less
than or equal to 2%

Proof. Let x? — ax + b = 0 be an reducible quadratic polynomial over
Z,,. From Theorem 1, we have

deg(a,b) =2 x2x...x 2 (k- times) = 2kn
Notation: The sequence:

(a1,b1) = (az, by) ...~ (ax, by) (1)

of arrows in G defines a cycle of length k (or k-cycle) if (a, +
by, axby) = (aq,by), and (a; + by, a;b;) # (a;, b;) for all j <i <k.
In addition, CT{ will be referred to the directed cycle with vertices
01,....k—1.
Let p and g be relatively prime numbers, such that n = pq, p < q.
Define a map

P1: Zn - Zp
that maps representatives 0 < a < n in Z, to (a mod p) in Z,,. Since
p divides n, then ¢, is a homomorphism. Moreover, kerp,; =
pZ, < Z,,and |kereo,| = p.

Similarly, the same holds for ¢,:Z, — Z,.
Observe that mappings ¢, and ¢, induce mappings of corresponding
graphs, which will be denoted again by ¢, and ¢,.
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We will denote to the longest cycle in the digraph G(Z,,) by C_y)
for short, and all our discussion later will be based on the construction
of ¢, and ¢,. Furthermore, we will refer to Z,,, Z, and Z, as sets of
natural numbers.

Since a closed walk might be a cycle, so according to the
structure of ¢, and ¢, and the sequence 1, we have the following:
Corollary 1 A mapping f:V(C,) = V(G) is a homomorphism of C,
to G ifand only if f(1),f(2),...,f(k) isacyclein G.

That means, a closed walk, which is mapped by ¢,(¢,) is a
cycle. This consequence will be used in this work from now on.

Main Results:

If we suppose that «|f, a # 1 («¢ might equal to £), then it is
not proved yet that the maps ¢, and ¢, send the longest cycle Ey in
G(Z,) to longest cycles C, and 5‘3 in G(Z,) and G(Z,)
respectively. Because the cycles in G(Z,) and G(Z,;) which are
smaller than 5‘a and C} might have a pre-image which is a cycle with
length longer than the pre-image of C, and Cz themselves. For
instance, in G(Z,;) the longest cycle is C,,, and in G(Z,,) the
longest cycle is 5‘6. While in G(Zs,,) the longest cycle is 530.
Because, there is a cycle 510 in G(Z,,) has a pre-image with 5‘6 in
G (Zs17); that is exactly a multiple of these two.

This case is not considerable in the following proposition. As a
matter of fact the computer calculations show that for n from 1 to 200
this exception case does not exist.

Proposition 1[Ref 2] Let p be a prime number such that
m = pq. The mapping ¢:G(Zy,) — G(Z,) is a homomorphism. So
that ¢ maps the longest cycle in the graph G(Z,,) to the longest cycle
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in G(Z,) If and only if p and q are relatively primes.

Theorem 3 Let p be a prime number, and C_OZ is the longest cycle in the
graph G(Zy). The longest cycle in the graph G(Z, X Zj) is a cycle of
length:

1. k=LCM(a,y), if there is a cycle of length y such that

l1<y<aand (a,y) = 1.

2. k = «a if there is no such a cycle E; 1<y <a. Or the

only cycles which are shorter than C_a) are cycles of length divides «.
Proof. Define the maps ¢,:Z, X Z, > Z, , by ¢,((a,b)) = [a],,
and @,:Z, X Z, > Z,, by ¢,((a,b)) = [b],.

The maps ¢, and ¢, are homomorphisms and onto. Consider
that ?r) is the longest cycle in G(Z, X Z,); that is, (ay,b;) —
(az, by) —»...— (a,, b,.), where a;, b; € Z,, X Z,,.

Since ¢, is a homomorphism then,
@1((ay, by)) = (@1(ar), 91(b1))
= (¢1(ar + by), p1(ay. b))

= (‘pl(ar) + @1 (br)r ?1 (ar)- ?1 (br)) (2)
We will use the same notations as we mentioned in the last theorem.

a;, refersto the first coordinate in the element qa;. Similarly, b;; refers
to the first coordinate of b;.a;, refers to the second coordinate in the
element a;, similarly, b;, refers to the first coordinate of b;.
Thus, from (2) we get
(a11,b11) = (@ry + brq, @y by (3)
It is clear that (pl(a) is a cycle in G(Z,), also it satisfies (3). That
shows us ¢, (C,) divides C,.
If we repeat the same process on ¢, we get
@2((ay, by)) = (¢2(ar), 92(by))
= (¢p;(a, + by), 92 (a,. b))
= (¢2(a1) + @2 (by), p2(ar). 2 (b;)) 4)
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Therefore:
(@12, b12) =g1r2 + by, Qry. byp). (5)
It is clear that ¢,(C,) isacyclein G(Z,), it satisfies (5). That shows
us <p2(§) divides a
Considering that ¢, and ¢, are onto, and C, is multiple of ¢,(C,)

and ¢,(C,). Then, by Chinese Reminder Theorem we have the
following:

If G(Z,) contains at least a cycle C_y) suchthat 1 <y < «a,and

(a,y) =1.Then m = LCM(a, y).

If G(Z,) contains no cycles or contains cycle C_y) such that

1<y <a,or yla Then m = LCM(a,y) = a.

The largest multiple that we can get is the longest cycle in G(Z,),
which means that the length of a Is exactly the length of the longest
cyclein G(Z,). o
Theorem 4:

Let pyt,py2,...,pr" be coprimes, such that p; # p; for i+ j,
Then, the longest cycle C, in G(Zprlx1 X przlz x...Zp?r) has a length
m = LCM(ay, a5, ..., a,), Where oy, ay,..., o, are the lengths of the
longest cycles in G(Zprln), G(Zpgz), G(Zp?r) respectively.

Proof.

Define a mapping ¢:Z, miph on
(p([a] nipnz o r) = ([a]p;u,[a]pnz,.. [a], nr) ThIS mapplng is well
deflned. Furthermore, it is an |somorph|sm We know that the longest
cycle in G(Z,ninz nr) is the least common multiple of the length of
the longest cycles in the digraphs G(Zpn1), G(Zpn2), ..., and G(Zpnr)
Since ¢ is bijection, Then the longest cycle in G(Zp'fl prgz X

nr—>Zn1XZn2X an by
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...Zp?r) has a length equal to the length of the longest cycle in

G (ZP;M pglz ."p;lr) . O

Theorem 5:

Let p and g be any two prime numbers. Then the longest cycle
in the graph G(Z, X Z,) is a cycle of length n = LCM(a, ), where
a is the length of the longest cycle in G(Z,) and g isthe length of the
longest cycle in G(Z,).

Proof.

The projection map ¢q:Z, X Z,; - Z
[a], is a homomorphism.

Also the map ¢,:Z, XZ, > Z, , where @,((a,b)) =[b], is a
homomorphism.

Suppose that (a4, b;) = (ay, by) =...— (a,, by,) is the longest
cycle in the graph G(Z, X Z,), where a;, b; € Z,, X Z,.

Since ¢, is a homomorphism then,

@1((ay, by)) = (@1(ar), 91(b1))

= (p1(an + by), ¢1(ay.by))

= (p1(an) + 91(by), p1(an). 91(by)) (6)
From the definition of ¢;, we observe that ¢,(a;) is the first

coordinate of a; . Similarly, ¢,(b;) is the first coordinate of b;. In
addition, ¢,(a;) is the second coordinate of a;. Similarly, ¢,(b;) is
the second coordinate of b;, we will refer to it by b;,.
Thus, from (1) we get

(@11, b11) = (an1 + buy, Ana- bns). (7
It is clear that (pl(C_T:) is a cycle in G(Z,), also it satisfies (2). That

shows us wl(?n) divides C_n)
If we repeat the same procedure on ¢, we get

¢@2((a1,b1)) = (@2(aq), @2(bq))

p » Where @,((a, b)) =
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= (@z(an + by), @,(ay.by))
= (@2(a1) + @2(by), @2(an). ©2(by)) (8)
Therefore:

(a12,b12) = (apz + bpz, apz.byy). (9)

It is clear that (pZ(C_n)) is a cycle in G(Zg), also it satisfies (4). That
shows us (pz(C—n)) divides C_n)

That means ((i is a multiple of (pl(C—n)) and (pz(C—n)). Observe
that  and B are the lengths of the longest cycles in the graphs G(Zp)
and G(Zq) respectively. Furthermore, the maps ¢, and ¢, are onto
and the multiple of these two cycles is longer than any other two cycles.
Therefore, By using Chinese Reminder Theorem, we find that the
length of C_r: iIs the Least Common Multiple of (pl(C—n)) and o, (C_n)). O

Let p and g be any two prime numbers. Then the longest cycle
in the graph G(Z, X Zq) has a length 1,q =1q,, Where lg, is the
length of the longest cycle in G(Zy X Z,). That can be seen from the
iIsomorphism; Ly XLy = Lgq X L.

The following two theorems can be proved immediately from
theorem 5 by induction and using Chinese Reminder Theorem.
Theorem 6:

Let py, P2, .-, Pn are distinct prime numbers. Then the longest
cycle in the graph G(Z,, X Z,, X...x Z, ) is a cycle of length
I, = LCM(p, 15, -+, 1p,), where Iy, lp,, .0 1p are the length of the
longest cycles in G(Zy,), G(Zyp,), ..., G(Zp,).

Theorem 7:

Let pg‘,pﬁ,...,p?r are relatively primes. Then the longest cycle

in the graph G(Zp(lxxng X...X Zp?r) is a cycle of length 1, =

p

LCM(lpg, lpg,...,lp;lr), where lp%,lpg,...,lp?r are the length of the
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longest cycles in G(Zpe), G(Z g), ..., G(Znr).
P, Pr

Theorem 8:

Consider that n=1(mod m). The function f:Z,, = Zy,
given by f([x]y) = [nx]m, IS @n injective homomorphism .

Proof.

Let [al,. [P]m € Zy,. Then

f(lalm + [blm) = f([a + b)) = [n(a + b)]mn = [na]mn +
[nb]mn = f([alm) + f([D]m)-

Furthermore, we note that

f(alp)f([blm) = [nalmn[nblmn = [n*ab]mn.

We have given that n = 1 (mod m), hence n = mqg + 1 for
some g € Z. By multiplying both sides of this equation by n we get
n? = mnq + n, s0 n? = n (mod mn). Therefore, we get

f([alm)f ([b]m) = [n*ablmn = [nablmn = f([ablm) =
f([alm[b]m).

Hence f is a homomorphism. To show f is injective, we can
compute the kernel of f. Let x € ker(f). Then [0],., = f([x],n) =
[nX]pn SO mninx > minx . But n=1(mod m) tells us that
(m,n) = 1. So we have m|nx = m|x. Therefore [x],, = [0],, and so
ker(f) = {[0],,}. Hence f is injective. o

Theorem 9:
Suppose that n = 1(mod m). There is a cycle of length
r,r = 1 inthe graph G (Z,,,)( and not neccessary the longest one) if
and only if the longest cycle in G(Z,,) is of length r.
Proof:
assume that C_lr) is the longest cycle in the graph G(Z,,), that is
(a1, b1) = (az, bz) »...— (ar, by)
Since f is a homomorphism. Then f(C_lr)) is a cycle in the graph
G(Zp,y) - Since every element in Imf is of the form [na],.. a € Z,,
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, therefore, we notice that

f(as,b1)) = (f(a1), f (1)) = (nay,nby) = (n(a, +
by, n(ay. by)
Since f is injective. Then f(C_l;) is a cycle of length r.
(=) This direction can be proved easily by takingamap g: Z,,, = Zm,
, where g(a) = [a],. O

Computer Caculations:

A computer program has been written and run on a PC to
calculate some properties of the graph G,. Some notations are used,
such as c¢,, (number of components), . (length of the longest cycle),
N.l. (number of lengest cycles), and p,, (the longest path). The ring of
integers modulo n is a field if and only if n is a prime number.
Otherwise, it is not even a domain. However, the direct product of the
rings R;, for i in some index set I has zero divisors. For instance, in
the ring Z, X Z, , the elements (1,0) and (0,1) satisfy that
(1,0).(0,1) = 0. That means Z, X Z, can’t be domain, so that can’t
be field.

Similar observations can be seen in the Table 1 and Table 2 such
as;

In the case, when n; = n,; the construction of the digraphs
G(Zy,n,) and G(Z,, X ZLy,) is completley different.

2. In the construction of the digraphs G(Z,,) and G(Z, X Z,),
we have that both have the same number of component, number of
longest cycles, length of longest cycle, and length of longest path,
which has been partly proved.

In the digraph G(Z,, X Z,,), where n; is prime and n, =
2,3,7; the number of components ¢, ,, = ¢,, X cy,; the longest cycle
ln,n, = ln,; the number of cycles N.l, ,, =n, the length of the

longest path p;, 5, = Dy,
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Table 1: Resultsfor 1 <n <20
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Table 2: Results for 1 < nq,n, < 20
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Table 3: Results for 1 < nq,n, <20
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Digraphsfor 1 <n <5

Here are the first five digraphs of Z, X Z,

The Directed graph of Z; X Z,

The Directed graph of Z, X Z,
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The Directed graph of Zz X Z
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